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Abstract. For < p < oo we let T>^_ 1 denote the space of those functions / which 
are analytic in the unit disc B and satisfy — |z|) p— |/'(z)| p dA(z) < oo. 

It is known that, whenever p 7^ q, the only multiplier from 25? j to 25*_i is the 
trivial one. However, if A is a subspace of the Bloch space and < p < q < 00, 
then X n C X n a fact which implies that the space of multipliers 

Af(X>p_i n A, n A) is non-trivial. 

In this paper we study the spaces of multipliers M(X >P _ 1 n X, T>^_y n A) (0 < 
p,q < 00) for distinct classical subspaces X of the Bloch space. Specifically, we shall 
take X to be H°° , BMOA and the Bloch space B. 



1. Introduction and main results 

Let B = {zeC:|z|<l} denote the open unit disc in the complex plane C and let 
Hol(H)) be the space of all analytic functions in D endowed with the topology of uniform 
convergence in compact subsets. 

If < r < 1 and / e Hol(B), we set 

flf 271 \ 1/p 

M 0o (r,/)= sup |/(z)|. 

|z| = r 

Whenever < p < 00 the Hardy space consists of those / g 'HoZ(D) such that 

II /II ffp = f su Pn<r<i Mpi r i /) < 00 ( see 9, f° r the theory of -ff p -spaces) . If < p < 00 
and a > — 1, the weighted Bergman space A p consists of those / € %ol(p) such that 

ll/IUs = f (« + 1) / (1 - W) a |/(*)l p dAwl ^ < 00. 



The unweighted Bergman space Aq is simply denoted by A p . Here, dA(z) = ^dxdy 
denotes the normalized Lebesgue area measure in D. We refer to [TT], [23] and [30] for 
the theory of these spaces. 

The space V v a (0 < p < 00, a > -1) consists of those / <E %ol(p) such that /' € A£. 
Hence, if / is analytic in D, then / g 2?g if and only if 

ii/iis* = \w)\ p +\\n p A * < co. 
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If p < a + 1 then it is well known that = A p a _ p (see, e. g. Theorem 6 of [H]). On 
the other hand, if p > a + 2 then T) v a C H°°. Therefore T) v a becomes a "proper Dirichlet 
space" when a + 1 < p < a + 2. The spaces T> P I _ 1 are closely related with Hardy spaces. 
Indeed, it is well known that D\ = H 2 . We have also [33] 

(1.1) H p CV P _ V for2<p<oo, 
and [HIM] 

(1.2) V p p _ x C iF, for < p < 2. 

We remark that for p ^ g there is no relation of inclusion between T> p _ 1 and T> q _ 1 (see, 
e.g., and [H]). 

We recall that the Bloch space B consists of those / € T-Lol{W) such that 
||/|| B = |/(0)| +sup(l-|z| 2 )|/'(z)|<oo. 

We refer to [2] for the theory of Bloch functions. 

Next, we consider multiplication operators. For g £ T-LoHW), the multiplication opera- 
tor M g is defined by 

M g (f)(z) d ^ g (z)f(z), f e Hol(p), z e ©. 

If X and Y are two normed (or Frechet) spaces of analytic functions in P which are 
continuously contained in Hol(H>), M(X, Y) will denote the space of multipliers from X 
to Y, 

M(X, Y) = {g£ Hol(H) : fg £ Y, for all / £ X}, 

and HMgll^-s-y) will denote the norm of the operator M g . If X = Y we simply write 
M(X). These operators have been studied on the Dirichlet type spaces T) v a in [2U1 [2"T1 [T5] . 
where among other results it is proved that 

(1.3) M{Vl_ 1 ,Vl_ x ) = {Q}, 0<p,q<oo, p^q. 

The following simple observation plays an important role in the motivation of this 
work. 

Lemma 1. Suppose that < p < q < oo and f G T) P I _ 1 n B. Then f £ T> q _ 1 . 

Proof. Since / £ B we have that sup zgD (l — |z|)|/'(z)| = M < oo. Using this we obtain 

/ (1 - \z\)^\f\z)\ q dA{z) = j B [(1 - |z|)|/'(z)ir p (1 - \z\y-i\f>(z)\P dA(z) 
Jo 

<M*-Pf o 0.-\z\y- 1 \f'(z)\*dA(z) <oo. 
Hence, / £V q q _ 1 . □ □ 

Consequently, we have: 

If X is a subspace of the Bloch space then 

(1-4) in^cin^, i/ o <p<<?< oc, 

a fact which, contrary to M.3\) . implies that whenever < p < q < oo, the space of 
multipliers M(T> P I _ 1 l~l X,T> q q _ 1 fl X) is non-trivial. 

If A" C B, the space X n is equipped with the norm 

11/11x^ = 11/11* + 11/11^- 
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Our aim is this paper is to obtain a characterization of the spaces M(2?p_ 1 nX, D'.jflX) 
(0 < p, q < oo) for some important subspaces X of the Bloch space. 

Let us start with X — B. For a > 0, the a-logarithmic-Bloch space B\ ogtCC consists of 
those g € Hol(H>) such that 



Pa {f) = sMi-\A % )\g'{z)\ flog r 



< oo. 



It is clear that 

(1.5) Sio g , Q C Slog,/?, " > /3- 

For simplicity, the space 0i og ,i will be denoted by B\ og . 

The multipliers of the Bloch space into itself were characterized independently by 
several authors (see [3J [6l [39] ) . Namely, we have the following result: 

(1.6) M{B) = B log r\H°°. 

Let us turn our attention to the spaces M(T> P t _ 1 n B, T> q _ 1 D B). Among other results, 
we shall prove that, for p > 1, the space M(B C\ Dp_i) coincides M{B). This is part of 
the following result. 

Theorem 1. Let < p, q < oo and g € "Hoi (Hi). 

(i) If 1 < q and < p < q < oo, then, 

M(Bnv p p _ 1 ,Bnv q q _ 1 ) = M(B). 

(ii) If < q < p < oo, then 

M(Bnv p p _ 1 ,Bnv q q _ 1 ) = {0}. 

The question of obtaining a complete characterization of M(B n V^_ lt B D 2?2_x) m 
the case < p < q < 1 remains open. However, we remark that the inclusion 

MfBn^.Bn^JcMtB), 

is true for any p, q (see the proof of Theorem [T] in Section [3]). Using this, the fact that 
M(B n V p p _ x ,Bf\ V q q _ x ) C B n P*_ l5 and the following result we see that part (i) of 
Theorem [1] does not remain true for < q < 1. 

Theorem 2. // < q < 1, t/ien M(B) \ V\_ x £ {0}. 

Let us now consider the spaces M(H°° n V p _ 1 ,II ca n 2?g_i)- It is easy to prove the 
following result for the case p < q. 

Theorem 3. If0<p<q<oo, then M(H°° n V p p _ x , H°° n = ff^n^.j. 

Regarding the case < q < p, let us notice that if 2 < q < p then H°° n 2?p_! = 
n = Hence we have 

(1.7) M{H 00 C\V p p _ 1 ,H 00 C\V q q _ 1 )=H 00 , 2<q<p. 

When < q < p and < q < 2 the question is more complicated. It is well 
known (see (TTJ, Theorem 1] and [3B]) that, whenever < q < 2, there exists a function 
/ S if 00 \ T> q x . We improve this result in our next theorem. 
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Theorem 4. If < q < min{p, 2}, then there exists a function f £ (if°° fl^J \ 

(F-n^). 

The functions constructed in Theorem 0] are used in a basic way in the proof of part (a) 
of our following result. 

Theorem 5. 

(a) // < q < 1 and < q <p < oo then M(H°° n H°° n V\_ x ) = {0}. 

(b) // 1 < q < 2 <p then M(H°° HV^^H 00 n V\_ x ) = {0}. 

In order to prove part (6), we use strongly [171 Theorem 1] which asserts that, whenever 
< q < 2, there exists a function / <E H°° such that 

(1.8) f (l-r) q - 1 \f(re ie )\ q dr = <x, for almost every £ R. 
Jo 

The case l<q<p<2of Theorem [5] remains open. However, if the answer to the 
following open question were affirmative then it would follow that the space M(H°° D 
H°° n 2?*_i) would be trivial also for this range of parameters. (See the proof of 
Theorem[5](b)). 

Question 1. Suppose that < q < p < 2. Does there exist a function / G H°° n 
satisfying ([TSjl ? 

We end up taking X = BMOA, the space of those functions / £ H 1 whose boundary 
values have bounded mean oscillation on the unit circle <9B as defined by John and 
Nirenberg [24 . A lot of information about the space BMOA and can be found in 
HH6JHH]. Let us recall here that 

H°° C BMOA C B, and H°° C BMOA C n Q<p<QO H p . 

We emphasize also that BMOA can be characterized in terms of Carleson measures. If 
/ C dH is an interval, |J| will denote the length of /. The Carleson box S(I) is defined 
as S(I) = {re lt : e %t £ I, 1 — \Q < r < 1}. If /i is a positive Borel measure in B, we 
shall say that is a Carleson measure if there exists a positive constant C such that 

fj, (5(7) ) < for any interval I C 0B. 

We have (see, e .g. jTSJ Theorem 6. 5]): 

yl function f £ 'HoZ(B) belongs to BMOA if and only if the Borel measure fif in B 
defined by dfif(z) = (1 — |z| 2 )|/'(z)| 2 gL4(z) is a Carleson measure. 

The multipliers of the space BMOA have been characterized in [55] (see also [M] and 
38J). Indeed, we have 

(1.9) M (BM OA) = H°° n BM0Ai O g. 

Here, BMOA\ og is the space of those functions g £ H 1 for which there exists a positive 
constant C such that 

/ (1- \z\ 2 )\g'{z)\ 2 dA(z) < C\I\ flog t^) , for any interval I C 8D. 
Js(i) V \1\J 

Let us mention that BMOA\ og is called LA/OA in [33]. Following the terminology of 
[55] . we have: 
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BM OA\ og is the space of those functions g € H 1 for which the Borel measure \i g in 
D defined by d\i g {z) = (1 — |z| 2 )|g'(z)| 2 dA(z) is a 2 -logarithmic Carleson measure. 

In order to make a proper study of the spaces of multipliers M( r D p _ 1 n BM OA, T> q q _ l n 
BMOA), we shall present in sections[5] and [B] a series of results concerning the space 
BMOA\ og , some of which are of independent interest. 

In section[S]we shall prove directly that BMOA\ og C Z? log C BMOA and we shall also 
find some simple conditions on a function / £ Wottjb) which implies its membership to 
BMOA\ og . As a corollary we shall prove the following result about lacunary power series 
in BMOA\ og . 

Proposition 1. Let f € "HoZ(D) be given by a lacunary power series, i. ,e., f is of the 
form 

f( z ) = EfcLo a kZ nk (z£DJ with nk+i > Anfc for all k, for a certain A > 1. 
If EZo \a k \ 2 {\ogn k ) 3 < oo, then f £ BMOA log n H°°. 

Section^] deals with random power series of the form 

oo 

f t {z) = r n (t)a n z n , zeD, < t < 1, 

n=0 

where f(z) — X)^Lo anZ ™ * s ana hytic in D and {?~n}^Lo ^ s the sequence of Rademachcr 
function (see Section [5]). Among other results, we establish a sharp condition on the 
Taylor coefficients a n of / which implies the almost sure membership of f t in BM OA\ og . 

Theorem 6. (i) If Y^!=i l a n| 2 (l°g n ) 3 < 00 then for almost every t £ [0,1], the 
function 

oo 

ft{z) = ^r n {t)a n z n , zeD, 

n=l 

belongs to BM OA\ og n H°° . 
(ii) Furthermore, (i) is sharp in a very strong sense: Given a decreasing seguence 
of positive numbers {Sul^Li with 5 n — > 0, as n oo, there exists a seguence 
of positive numbers {a n }^ =1 with YlnLi a n^nO°E n ) < 00 suc h that, for almost 
every t the function ft defined by ft(z) — Y^nLi r n{t)a n z n (z £ D) does not 
belong to B\ og . 

Now we pass properly to study the multipliers from T>^_ 1 DBMOA to T> q q _ l n BMOA 
(0 < p, g < oo). 

If A > 2 then BMOA C T>\_ v Hence, trivially, we have 
(1.10) 

M{V p p _ x n BMOA, V\_ x n BMOA) = M(BMOA) = BMOA log nH°°, 2<p,q<oo. 
This remains true for other values of p and g. 
Theorem 7. If 1 < q < oo and < p < q < oo, then 

M(X>£_j n BMOA,V q q _ 1 n BMOA) = M {BM OA) = BM OA\ og n if 00 . 

When g < p then is the only multiplier from V v p _ x n BMOA to n BMOA, 

except in the cases covered by (jl.lOp . 
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Theorem 8. IfO<q<p<oo and q < 2, then 

Mp p p _! n BMOA, T> q q _ 1 n BMOA) = {0}. 

To deal with the remaining case, < p < q < 1, we shall use the above mentioned re- 
sults about lacunary power series and random power series. Our main results concerning 
random power series and multipliers are contained in the following theorem. 

Theorem 9. Let {a„}$JL be a sequence of complex numbers satisfying 

oo 

(1.11) ^|a„| 2 (logn) 3 <co. 

n=l 

For t <E [0,1] we set 

oo 

(1.12) / t (z) = ^r„(i)a„z n , z G D, 

n=0 

where the r n 's are the Rademacher functions. Then, for almost every t £ [0,1], the 
function ft satisfies the following conditions: 

(i) fi(l-r) (lo gT ^) 2 [AUr,//)] 2 dr < oo. 

(ii) ft G BMOA log r\H°°. 

(hi) ft £ M(r^_! n BMOA,V\_ x n BMOA) whenever 0<p<q andq> \. 

Furthermore, if < g < i i/ien i/iere exists a sequence {a n } which satisfies and 
such that ft £ T> q 1; f or almost every t. Thus, for this sequence {a n } and for almost 
every t we have: 

(a) f t G M(BMOA). 

(b) // < p < A and A > \ then f t G M{V p p _ x n BMOA, X>^_ 1 n BMOA). 

(c) /t £ M(I^_i n BMOA, V\_ x n BMOA) whenever < p < q. 

We remark that Theorem[S] shows that Theorem[7] does not remain true for q < 1/2. 

Finally, we turn to consider multipliers in M(D^_ 1 n MOA,©^! n BMOA) given 
by power series with Hadamard gaps. We will show that whenever < p < q < 1 the 
power series with Hadamard gaps in M(Vp_ 1 n BMOA,T) q q _ l n BMOA) coincide with 
those in T> q q _ x n -BMOyliog and will obtain also the analogue of Theorem^] for lacunary 
power series in Theorem ll4l This will give another proof of the impossibility of extending 
Theorem[7] to q < 1/2. 

2. Preliminary results 

As usual, a sequence of positive integers {n^'kLo * s sa ^ to ^ e l acunar if there exists 
A > 1 such that n^+i > Art^, for all k. Also, by a lacunary power series (also called 
power series with Hadamard gaps) we mean a power series of the form 

f( z ) = SfcLo a kZ Uk (z G D) with rifc+i > Arifc for all fc, for a certain A > 1. 

For simplicity, we shall let C denote the class of all function / G Hol(H>) which are given 
by a lacunary power series. Several known results on power series with Hadamard gaps 
will be repeatedly used along the paper, we collect them in the following statement, (see 

[2 BO El). 
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Proposition A. Suppose that < p < oo, a > — 1 and f is an analytic function in D 
which is given by a power series with Hadamard gaps, 

f(z) — J2 < kLo akZnk ( z e ^) ™^ n k+i > ^ n k for all k (X > 1). 

Then: 

(i) feVP E^o^r " 1 !^!" < oo, and 

CO 

ii/-/(o)ii^~X>r a ~ 1 i«*r 

(ii) f £ H°° if and only ifJ^kLo \ ak \ < °°> an< ^ 

oo 

ll/lk-*X>*|. 

fc=0 

(mt) / eB <^=> sup„ |a„| < oo, and 

II/IIb ~ sup |a n |. 

n 

It is also well known that C n i? p = £ n H 2 for any p £ (0, oo) but 

n £ C H 2 n C. 

In spite of this, for any given lacunary sequence of positive integers {nk}kLi an d any 
sequence of complex numbers {uk}"^ =1 £ i 2 , Fournier constructed in [T3] a function 
f( z ) — X^o a ™ z ™ e w ^ tn a ™fe = Ufe ' ^ or au ^. Some properties of the bounded 
function / which were not stated in [13] will play an important role in the proof of some 
of our results. Due to this fact and for sake the completeness we present a complete 
proof of Fournier's construction pointing out some extra properties of the constructed 
function (for simplicity we shall restrict to sequences {n^} satisfying nk+i > 2rifc). 

Let start fixing some notation. The unit circle 9D will be denoted by T. If g £ L X (T) 
its Fourier coefficients g(n) are defined by 

g(n) = 1- J\(e l9 )e- me d6, n £ Z. 

If n\ < ri2 are integers we shall write [nij^J for the set of all integers n with n\ < 
n < ri2. Also, for g(z) = J2T=o ° kzh e %o/(B) and 772 > n\ > 0, we set 

Ii2- 1 

Sn u n 2 g(z) = ^ b k Z k . 

k—rti 

Proposition 2. Assume that {w/c}^ £ i 2 and let {nk}^ =0 be a sequence of positive 
integers such that rik+i > 2nfc, for all k. Then, there exists a function \f £ T-LoKJf) of 
the form 

00 

= E a„z n , z£D, 

with the following properties: 



(i) * £ H°°. 

(ii) a„ k = u k , for all k. 
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(iii) If we define Aq = {no} and Ak = \rik — nk-i,n,k\ for fc > 0, we have that the 
sets Afc are pairwise disjoint and satisfy Ak C [ n fc-i + li n fcj f or all k > 1. 
Furthermore, a n = if n £ U^ . 

(iv) There is an absolute constant C such that 

||S , n fe +i,nj, + i+i*|| ff o» < C\u k \, for all fc. 
Proof. The construction depends on the following equality [13 , p. 402] 

(2.1) \a + vb\ 2 + \b~va\ = (1 + |w| 2 )(|a| 2 + |6| 2 ), a,b,vtC. 
Let us define inductively the following sequences of functions on T 

(2.2) o (c) = Uo c"°, fto(C) = l. CeT, 

and, for k > 0, 

(2.3) <MC) =^_i(0 + «fcC , */»fc-i(0, ^(0 = ^-i(C)-^C"" fe ^-i(0, (CeT). 

Since rtfc + i > 2n&, it is clear that the sets k = 1,2,..., are disjoint and that 
A k c [nk-i + 1, rifcj for all fc > 1. 

We claim that that the sequences {4>k} and {/ifc} satisfy the following properties 

fc 

(2.4) 4>k{n) = 0, whenever k > and n ^ |J A 3 

j=o 

k 

(2.5) hk(—n) = 0, whenever fc > and n > 1 and n $ A,,-. 

i=i 

(2.6) 4>k(n) = 4>j{ n )i whenever fc > j and n < 



(2.7) (frkinj) — Uj, whenever k > j . 

It is clear that (|2.4[) and (|2.5[) hold for fc = 0, 1. Arguing by induction, assume that 
(12.41) and (I2.5[) are valid for some value of fc € N. Then, 

k 

(2.8) fc+1 (o = mo + u k+ iC k+i hk(o = E E <M n K" + mo. 

j=0 n£Aj 

where fk(() — Uk+i( nk+1 hk{()- By the induction hypotheses /fc(n) = if n Ak+\, 
which gives (I2.4[) for fc + 1. The proof of (|2.5[) is analogous. Now, (|2.6D follows from (|2.3p . 
(|2.4p and the fact that the sets Ak are disjoint and (|2.5f) . Using again that the sets A& 
are disjoint, ([2^6]) . (j2~3| and (j2~2j) . we deduce ([2~T)t . 

We have that 

|<MC)| 2 + MC)| 2 = 1 + K| 2 , 

so if we assume that |</>fc(C)| 2 + |^fc(C)| 2 = E[j=o(l + l u il 2 ): bearing in mind (|2.ip and 
(gH) , it follows that 

fc+i 

|^ +1 (C)| 2 + IWOI 2 = (i + K+il 2 ) (l<MC)l 2 + IMOI 2 ) = + M 2 )> 

j=0 
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hence we have proved by induction that 

k 

i<Moi 2 +iMc)i 2 =n( i+ N 2 )' ceT ' fc =°. i .2.---- 

3=0 

This and the fact that {uk}^ =0 £ £ 2 imply that {hk}^ and {<j>k}kLo are uniformly 
bounded sequences of functions in L°°(T). Then, using the Banach-Alaoglu theorem, 
(12.4[) . (|2.6p and (12.7[) . we deduce that a subsequence of {4>k} converges in the weak star 
topology of L°°(T) to a function <f> £ L°°(T) with <f>(n) = for all n < 0, and (j)(rik) = Uk 
for all k. Then if we set a n = 4>{n) (n > 0) it follows that the function ^ defined by 

oo 

n=0 

is analytic in D and satisfies (i), (ii) and (hi). 

Finally, we shall prove (iv). Using (|2.6p and (|2.8p . we see that for any ( € T, we have 

"fc+l "fc+1 

S„ fc+1 ,„» +1+1 *(0 = £ $(n)C n - £ ( lim ^) C " 

* — » * — * \m— ►oo / 

n=nk + l m=n k + l 

"fc + l _ 

= £ ^(n)C" = A.(C) = « fe+ iC ,lfc+1 MC), 

ri=n fc + l 

which, bearing in mind that sup fc ||/ifc||oo = C < oo, implies 

||'5'ri fc + l,ri fc + 1 + l V E'|| ff=0 = |Ufe+l|||/lfe||ioo( T ) < C|Ufc+l|. 

This finishes the proof. □ 



Our work will also make use of the Rademacher functions {tViWI^o which are are 
defined by 

[ 1, if < t < 1/2 
r (t) = < -1, if 1/2 < t < 1 
i 0, if t = 0, 1/2, 1. 

r n (t) = r (2 n t), n = l,2,.... 

See, e. g., [HJ Chapter V, Vol. I] or Appendix A] for the properties of these functions. 
In particular, we shall use Khinchine's inequality which we state as follows. 

Proposition B (Khinchine's inequality). If {ck}^? =1 G I 2 then the series YlkLi c fe r fe(^) 
converges almost everywhere. Furthermore, for < p < oo there exist positive constants 
A p , B p such that for every sequence {cfc}^L £ I 2 we have 




2^c fc r fc (t) 



fc=0 



dt < B p ( ]P 



p/2 



Cfe 



\fe=0 
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3. Multipliers on B n 

Proof of Theorem^ (i) Assume that g G M(B n From now and 

throughout the paper we shall denote by ip a the Mobius transformation which inter- 
changes the origin and a, 

a — z _ 

= — , 

1 — az 



A simple calculation shows that 



SUPll^allBrYD" , < °0 



p-i 



So, for any a, z G ED 

(i-izi 2 )i^ (z) 5 ( Z )i = (i-|z| 2 )K^-p)'(z)-^(^y(z)i 

(3.1) 

< H^aSllBno^j + (1 - k| 2 )l^a(^)ff'(2)| < ||M 9 || (Bnx ,p_ i ^. BnX) «_ i) + ||3||b < oo. 
Since (1 - |a| 2 )|<^(a)| = 1, taking z = a in (|3.1j) we obtain 

£ ll M J(Bni?£_ 1 -+finz>;;_ 1 ) + ||ff||s < oo, 

for any a G D. Thus, ge H°°. 

Next consider the family of test functions, fe(z) = log 1 _ Z g- i o , G [0, 27r). A calcula- 
tion shows that {/e}ee[o,27r) is uniformly bounded in BD T>^_ 1 . Therefore, 

A= sup \\gfe\\ B < sup \\gfeWBnV_, 

6»S[0,27r) 0€[O,2tt) 9 

< \\Mg\\(BnV_^BnV_,) SU P ll/e||Brffi>* < oo, 

which implies that 

(1 - \z\ 2 )\g'{z)f e (z)\ = (1 - |z| 2 )| ff '(z)/ e (z) + 
<A+{l-\z\*)\g{z)f e [z)\ 

= A+\\g\\ H ~ sup IIMIb 
ee[o,27r) 

< oo, for all z G D and G [0, 2n). 
Finally, given z G D choose e ie = A to deduce that 

sup|.g'(z)|(l - |^|) log- j-r < oo, 

which together the fact that g G H°° gives that g G M(B). 

Suppose now that g G M{B) and take f € B (~) r D^_ 1 . Then G Z5. Using Lemma [1] 
and the closed graph theorem, we obtain 



\{fg)'{z)\i{l-\z\^dA{z) 

(3.2) < / i/'(z) 3 (z)r(i-|z| 2 r i dA(z)+ / ^(z^ra-izpr 1 ^) 



< + / \f(z)g'(z)Hl-\z\ 2 r- 1 dA(z). 
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We shall distinguish two cases to deal with the last integral which appears in (13. 2[) . First, 
if 1 < q < 2, bearing in mind P-2j) and the fact that g € B\ og , we see that 

\f(z)g>(z)\«(l - |z| 2 r ^(z) < f 1 q - Mf(r, /)(1 - r)^ dr 



(3-3) <n f || 9 T 1 

iSII/llenx)? , ■ 



On the other hand, if 2 < g < oo, then using that g £ B\ og and the well known fact 
that 

f i \ 1/2 

M g (r,/)<<7||/|| B (log — J , 0<r<l, 
(see, e. g., [8]) we get 



(3.4) 



- l^l 2 )*- 1 ^^) < / 7q _— 5 - 5 -M|(r,/)(l-r)«- 1 dr 



1 

(l-r^Tog 9 ^' 



Jo (l-r)log g/ 



Joining (|3.2[) (|3.3p and (|3.4p . we see that in any case we have fg £ £>^_i and, hence, 
fg e B n Thus, we have proved that g £ M(B H 2?£_ 1; B n X^) finishing the 

proof. 

(ii) We borrow ideas from [T51 Theorem 12]. We shall distinguish three cases. 

Case 1. 2 < q < oo. Assume that g £ M(B H V v p _ x ,B n and g ^ 0. By the 

proof of [T51 Theorem K] (see also the proofs of [THl Theorems 1.6 and 1.7]), it follows 
that there exists a function / £ Z^_ 1 , given by a lacunary power series, with /(0) 7^ 0, 
and such that its sequence of ordered zeros {z n } (that is, the z' n s are ordered so that 
\ z i\ < \z%\ < |^3 1 ■ ■ • ) satisfies 

n / 

Since / is given by a lacunary power series, by Proposition [21 the sequence of its Taylor 
coefficients is in l v . This implies that / £ B n T^t_ v If {w„} is the sequence of non-zero 
zeros of gf arranged so that \wi\ < \w2\ < |tU3 1 . . . , we have that \w n \ < \z n \, for all n, 
which gives that 

N 1 N 1 

n kj - n . 

n— 1 1 1 n— 1 1 1 



hence 

o logiV 



1 1 

N 1 / \ 



This together with [191 Theorem 1.6] implies that fg ^ T^\-\- This is a contradiction. 
Thus, 3 = 0. 
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Case 2. < q < 2 < p. The proof is similar to that of the case 1. Suppose that 
g ^ and g £ M[B n V v p _ x ,B n T>\_^). Take 7 e (o, | - |V Then, by the proof of 
[TH Theorem K] and Proposition [3] there is a function JgSfl 2?p_i, represented by a 
lacunary series, with /(0) 7^ whose sequence of ordered zeros {z n } satisfies 



(3.5) 



Let {w„}™j be the sequence of ordered non-zero zeros of /p. Since fg € £>q_i and 
q < 2, it follows that /g G i/ 9 and, hence, {io„}™ =1 satisfies the Blaschke condition 
which is equivalent to saying that 

N 1 

TTi r = 0(l), asiV^oo. 

This is in contradiction with p.5[) , because any zero of / is also a zero of fg. Conse- 
quently, 5 = 0. 

Case 3. < p < 2. Suppose that g and g e M(Bn D£_ l5 S n X^.x). Take 

°™ = „i/f+ e witn < 6 < \ _ | and = Z)^=i a n z2 " • Since Z^li < < 00 and 
E,T=i = oo, t hen by Proposition El f e B D X>p_j \ T) q q _ 1 . 

Let {rk{t)} be the Rademacher functions and let ft(z) = r k(t)akZ 2 . By Propo- 

sition [2] (iii) 

II/Hb x sup|a n | x H/ills, ie[0,l] 

n 

and 

/do \P / 00 \ 2 

(3.6) ||/*||&= X> fc | a < £M P - H/*!!^ ~ H/ll^. 

\fe=o / \fc=o / 
Then for any t g [0, 1], it follows that 

(3.7) f\{jgmz)\"(l-\z\ li y- 1 dA(z)<\\f t \\l >f +||/t|||x 11/11^ + ||/||* < 00. 
So, by Fubini's theorem, Khinchine's inequality and the fact that g € T) q q _ x , we obtain 

\gf t { Z )\«{\-\z\*y- x dA{z)dt 

< I [ \{gft)\z)\o(l-\z\y~ 1 dA{z)dt+ f [ \f t g'(z)\"(l-\z\ 2 r- 1 dA(z)dt 
Jo Jb Jo Jb 



roo, ZWfWmv* + \9'{z)\ q \ft{z)\«(l-\z\ 2 y- x dtdA{z) 
Jo Jo 

Z\\f\\ q mvP + I \9\z)\*M«[\z\,f){l-\z\ 2 y- l dA{z) 
Jb 

< \\f\\ q BnV , +11/11^ I \g'{z)\*{l~\z¥y- x dA{z) 
p- 1 p- 1 ./111 



< II fll 9 



p-i 



On the other hand, since g ^ 0, there exists a positive constant C such that M|(r, g) > C, 
1/2 < r < 1. Using Fubini's theorem, Khinchine's inequality and bearing in mind that 
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/' is also given by a power series with Hadamard gaps (thus M 2 (r, /') X M q (r, /')) wc 
have that 

f j \gf' t {z)ni-\z\ 2 y- l dA{z)dt 
Jo Jo 

= j \g(z)\"(l - Izl 2 )'- 1 ^ \f t {z)\*dt) dA{z) 

(3.9) x / \g{z)ni \z\ 2 f-Hq{\z\,f)dA{z) 

Jo 

>C [ M2(r,g)M«(r,f')(l - r^dr 

Jl/2 

> C [ M«(r, /')(1 - r^Y^dr = +00. 

Jl/2 

This is in contradiction with (I3.8[) . It follows that gr = 0. □ 

We remark that the argument used to prove the inclusion M(B fl fS-i' ^ ^ ^g-i) c 
M(B) in the proof of Theorem 1 (i) works for any values of p and q, that is we have 

M(S C M(B), <p,g < 00. 

We do not have a complete characterization of the space M(BC\ I>p_ 1 ,B n 2?*_i) in the 
case < p < q < 1, however we find a sharp sufficient condition on a function g to lie 
in this space of multipliers. We note that Theorem [5] is a byproduct of part (ii) of the 
following stronger result. 

Proposition 3. Let < p < q < 1, a e oo^j and g e Hol(B). Then, 

(i) IfgeB loe , a nH°°, then g € M(Br\V^ ) _ 1 ,Bf\'D^_ 1 ). 

(ii) (s log4 n J ff oo )\2?«_ 1 ^{0}. 

Proof. Part (i) can be proved arguing as in (|3.2p and (|3.3[) . so we omit a detailed proof, 
(ii) Assume first that < q < 1. Consider the lacunary power series 

fc=l 

By PropositionEl g ^ H°° \ V\_ x . Since limsup (log2 fe ) 1/<? < 00 (see [32 P- 20]) 
9eB logj i. 

Let us consider now the case q — 1 . The proof in this case is a little bit more involved. 
Set 

Uk = fe~+T and nfe = 4fe ' fc = c U,2,.--- 

Let 4" be the iJ°°-function associated to these sequences via Theorem[2l By |36l Lemma 
1.6 (i)], 

OO 1 

wnvi > 11 w fe }£oii^ = EfcTT = ^- 

fe=0 
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Finally, we shall see that VP € B\ og . Bearing in mind, [SO] P- 113], [HJ Lemma 3. 1] and 
Lemma [5] (iv) , we deduce 



Moo(r,*') < \§(l)\ + J2 M °o(r,S nk+1 , nh+i y') 

oo 

< + \\ S n k + l,n k + 1 ^'\\H^r 4k 

fc=0 
oo 

fc +l,ri fc +i * |I-H"° 



4" 



fc=0 
oo . 

fe=0 

Since an standard calculation shows that 

V* _i^l r 4 fe < i < r < 1 

^k + 1 ~ (l-rjlog^-' u - r<i ' 
fc=0 v ; to i^ 1- 

this finishes the proof. □ 

Next we provide a sufficient condition, which involves Carleson measures, on a function 
g to lie in this space of multipliers. It turns out to be also necessary if g is given by a 
power series with Hadamard gaps. 

Theorem 10. Assume that < p < q < 1 and let g be an analytic function in D. Let 
fi g< q be the Borel measure in D defined by dfx gtq (z) = \g'(z)\ q (l — \z\ 2 ) q ~ 1 dA(z). 

(a) If g £ H°° n 2?io g and the measure fi g ^ q is a Carleson measure, then g g M[B (1 

(b) // g is given by a power series with Hadamard gaps, then g G M(B (1 P^-^i? D 
2?g_x) */ arl ^ only if g G PI £>i og and the measure fi g ^ q is a Carleson measure. 



Proof. Suppose that g € H°° n Z?i og and the measure is a Carleson measure. Take 

feBnv;^. 

• Using (ll.6p . we see that g G M(B) and, hence, e S. 

• Using (35] Theorem 2.1] we deduce that g £ M(X'p_ 1 ) and, then it follows that 

///• K v 

Since V v p _ x flBc n 6, we have that fg e Bn V q q _ v Thus, we have proved that 

g e M {B n nBnf^). This finishes the proof of part (a) . 

Suppose now that g is given by a power series with Hadamard gaps and g £ M(B D 
T>l_ 1 ,Br\V q q _ 1 ). Then g € V q q _ 1 . Now, using Theorem3.2 of [20], we see that this 
implies that is a Carleson measure. □ □ 

4. Multipliers on H°° n 

Proof of Theorem^ Suppose that < p < q < oo. 

If g G Af(iJ°° n X^, n X^_!) then, since n V^_ 1 contains the constant 
functions, it follows trivially that g E H°° n 
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On the other hand, if g £ H°° n V\_ x and / e H°° n X>£_ 1; it is clear that gf € 
We also have 

(g'f + gf)(z)\ 9 (l-\z\ 2 y- l dA(z) 

< { \(g'f)(z)\«(l-\z\ 2 y- 1 dA(z)+ { \g{z)f\z)ni-\z\ 2 y- l dA{z) 
Jo Jo 

<\\m~\\g\\i,* + IMISr~ll/lini/ll£ p <°°- 

Thus, <?/ € and, hence, <?/ € n Consequently, we have proved that 

Proof of Theorem [7} 

Let p = min{p, 1} and p* — min{p, 2}. We shall split the proof in two cases. 
Case 1: < q < 1. Take a sequence {uk} < j^ 1 € $ \ £ q and let / be defined by 

oo 

/(z)-^ Ufc z 2fc , zeB. 

fe=l 

Then, using PropositionlAl and the fact that p < 1, we see that / € H if 00 ) 

Case 2: 1 < q < 2. Let us consider a sequence {ufe} such that {ufc}^ & £ p \£ q and 
let choose — 4 fe . We claim that the function $ e H°° associated to {uk} and {rik} 
via Lemma [U satisfies that $ e n X>£_! \ H x D T>\_ v 

Arguing as in the proof of [36, Lemma 1.6 (i) ] and bearing in mind Lemma [5] (ii), we 
deduce 

oo 

11*112^ £E|*(»*)| =ll{«*}ll!. = °o, 

that is, $ £ V q q _ v 

By p.ip . if p > 2 we are done. On the other hand, if < p < 2 by [19l Theorem 1.1 
(ii)], M. Riesz theorem and Lemma[5] (iv), 



|*||?>p < / {l-r) p - l M%{r,&)dr 
"- 1 Jo 

oo 

<E (ll^+^i 1 W2 



\H 2 / 

fc=0 



\p/2 

UI°4*+l,4*+ 1 +l H? ||fl- a . 

fc=0 

which finishes the proof. □ 



Proo/ of Theorem {5^(a). Assume that 0<g<l, 0<g<p and that # <E M(H°° n 
fp_i, n D^) and 5 ^0. Take 

/(*) = Efr- 

Then we use the Rademacher functions as in the proof of Case 3 of TheoremQ](ii) to get 
a contradiction. Hence, g = 0. 
□ 
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Proof of Theorem [^(b). Assume that 1 < q < 2 < p. By [T71 Theorem 1] there is a 
function / G H°° such that 

f {l-r 2 ) q - 1 \f'{re l9 )\ q dr = oo for every 9 G B, 
Jo 

where B is a subset of [0, 2tt) whose Lebesgue measure \B\ is 2-7T. 

Suppose that g G M(H°° nX£_ x , H°° nX>*_ x ) and g ^ 0. Notice that g G H°° r\T> q _ 1 . 
Since 

(4.1) / (l-|z| 2 r 1 |. 9 '(z)/(z)rdA(z)<||/||^|| 5 ||^ nI ,, <oo, 
it follows that 

(4.2) / (l-\z\y- 1 \g(z)f'(z)\ q dA(z)<oo 
Jo 

Since g G H°° and g ^ 0, there is a set A = A(g) C [0, 27r] with |A| > and such that 
lim r ^ x - g(re ie ) ^ if 9 G A. Then, for every G A n 5 there is r (6») G (0, 1) such that 
K = inf |g(re je )| > 0. Then 

r <r<l 

1 ,1 

{l-r 2 )^ 1 \g{re l9 )\ q \f\re ie )\ q dr>K q I (1 - r^^f {re l9 )\ q dr = oo, 

since \AO B\ > 0, this is in contradiction with (14.2j) . Thus g must be identically 0. This 
finishes the proof. □ 



5. Some basic results on the space BM0A\ o& 

We shall start this section by proving some embedding relations between BAIOA\ og , 
Slog and BMOA. With this aim, we recall that g G BM OA\ og if and only if 



J 2 2 

sup °f / \9'(z)\ 2 (l-\z\ 2 )dA(z)< 



where S(a) is the Carleson box associated to the interval 

e lt GT: |arg(ae- 4 *)| < J , a G © \ {0}, J = T. 

Proposition 4. // 1 > f3 > \, then BMOA log C 6i og C B io9)/3 C BMOA. 

Proof. First, we prove that BMOA\ og C £>i og . Take / G BMOAi og . Let a G D and 
assume without loss of generality that \a\ > \. Set a* = 3 ^ a ]~ 1 e' arga so that the disc 
D (a, ^j" ^ of center a and radius 1 "J a is contained in the Carleson box S^a*). This 
inclusion together with the subharmonicity of |/'| 2 and the fact that (1— |z|) x (1 — \a\) 
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for z 6 D (a, 1- J a ^ gives 

(log A) 2 (1 - l«l) 2 l/'(«)| 2 < (log Tq^) 2 I D{a ,l^) l/'(^)l 2 dA(z) 

^ J D(o ,^)(i ^ M 2 )l/'«l 2 «ww 

- (log iS7 )2 / Dfa .iwi - ni 2 )i/'wi 2 «ww 



< 



(tog T3 



so / e Si g. 

Now, let us see that the inclusion is strict. We borrow ideas from [31] Proposition 5.1 
(D)]. Assume on the contrary to the assertion that BMOA\ OS = B\ OE . By [221 Theorem 
1] (see also pQ) there are 31,(72 G #i og such that 



1 

(i-|*l)Tog 



1^(^)1 + ^)1 ^ 7; 2 , ^ 



Then, for any a£D 

1 



dA(*)< / (|ffi(*)| + \g' 2 (z)\f(l-\z\ 2 )dA(z) 



5(a) (1 - |z|) log 2 j-q^j ' ' ~ Js(a 

< [ WM?^ - \A 2 ) dA{z) + [ \g' 2 {z)\ 2 {l - |z| 2 ) dA(z) 

JS(a) JS(a) 

< (i-H) 



so bearing in mind that 



S (a) (l-N|)l0g Z T 



2 2 dA(,)~£^!l 



log 



l-|a| 



and letting |a| — > 1 , we obtain a contradiction. 

Assume now that (i <= (5,1)- Then it is clear that i3i og C Bi og ^. Furthermore, 

/(*) = IX 1 €■ e ^ \ B Iofl (see [31 p. 20]) 

The inclusion #i og!( 3 C BMOA, for /3 > |, follows easily using the characterization 
of -BMOA in terms of Carleson measures (see [HI p. 669]). Finally, we observe that 
f(z) = log j-^ € BMOA \ Si og)/ 8 for any /3 > 0. This concludes the proof. □ 

Next we find a simple sufficient condition for the membership a a function / € ~Hol(0) 
in the space i?A/OAi og . 

Proposition 5. Le£ / &e an analytic function in B. J/ 



1 / ! X2 







(5.1) / (1 - r) { log ) [M^rJ')] 2 dr < oo 



tfien / e BMOA ioa 
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Proof. Suppose that / satisfies (|5.ip Let I be an interval in T of length h, say I = {e lt 
9 <t<9 + h}. Then 

^1! /s(/)(1 _ |,|a)|/' W |» d A(z) x £_ fc jj +h (l - r)|/'(re lt )| 2 dr 



< 



(log f ) 2 /^(l - r) Wr, /')] 2 dr < /^(l - r) ^(r, f)f (log t^)' dr 



< 
□ 

Now we turn to the question of finding conditions on the Taylor coefficients of a function 
/ € %ol{p) enough to assert that / € BMOA\ og . We shall need two lemmas. The first 
one estimates an integral which may be viewed as a generalization of the classical beta 
function (compare with Lemma 2 of |10j ) and we omit its proof. 

Lemma 2. Whenever m = 1, 2, 3, . . . and a > 0, we /lave 

(5.2) ^^(i-^-^iog-l-y^xM^, „ „_►«>. 

Lemma 3. Suppose that a > and Ze£ g be an analytic function in P, g(z) = E^Lo a « z " 
(z €.13). The following two conditions are equivalent: 

ft) J B (1 - |z| 2 )| 5 '(z)| 2 (lo gT ^) Q dA(z) < ex.. 

(*) Er=iK| 2 [lognf <oo. 
Proof. We have 



/ D (l - |z| 2 )| ff '(z)| 2 (lo gT ^) dA(*) x jjKl -r)M 2 (r,</) 2 (log T 
= E~ 1 n 2 K| 2 f 1 (l-r)r 2 "- 1 (log 4^)" 



dr 



dr 



Now, using Lemma[5]with m = 1 we see that Jq(1 — r)r 2 ™ 1 (log jj^j j dr x ^ffi ■ 
Then it follows that / D (l - \z\ 2 )\g> (z)\ 2 (log^)* dA(z) x £~ =1 K| 2 [log(n + □ 

We close this section proving Proposition!!] 
Proof of Proposition^ Suppose that J2T=o \ a k\ (log rife) < oo and 

f( z ) = Efclo a fe z " fe ( z <= ®) w hh > Xnk for all fc, and A > f . 
Using the Cauchy-Schwarz inequality and the fact that EfcLo r2 ™ fc ~ 1°S (t> ecause 
the function h given by h(z) — E z2nk I s a Bloch function), we see that 

[rM 00 (r,/')] a <(E2Lo»fcl«*k n *) 2 

< (e^n 9 ***) (Er =0 - 2 " fc ) s (log^) e^m 2 ^- 

Then, using Lemma[2]with to = 1 and a = 3, we obtain 

f \l r) (log^) 2 [M^r,/' )f < £(1 r) (log^)' ^MV"*) dr 

- E^o « 2 l^l 2 Jo r2nk (! - ( l0 § 1^7 ) 3 dr < £~ Q |a fc | 2 (logn fe ) 3 < 00. 
Then Proposition[S] implies that / e £>MOAi og . 
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To see that / € H°° observe that X k < and \a,k\ 2 < (logrcfc) 3 . Then it follows that 
\a,k\ — O (/c -3 / 2 ), as k — ¥ oo and the result follows. □ 

6. Random power series 
In this section we shall consider random power series analytic in D of the form 

oo 
n=0 

where the e„'s are random signs. More precisely, if / € Hol(3), f(z) = X)^Lo a " z " 
(z £ D), we set 

oo 

f t (z) = r n (t)a n z n , < t < 1, zeD, 

n=0 

where the r n 's are the Rademacher functions. Each function f t is analytic in B. Little- 
wood [25] (see also [9j Appendix A]) proved that if \ a n\ 2 < 00 then f t e r\o <p<00 H p 
almost surely (a. s.), that is, for almost every t. On the other hand, the condition 
S^Lo l a «| 2 = 00 implies that for almost every i, f t has a radial limit almost nowhere. 
Paley and Zygmund [3!j] gave an example of an / with 

oo 

(6.1) ^2\a n \ 2 \ogn< oo 

n=l 

such that ft H°° for every t. 

Anderson, Clunie and Pommerenke :2] used a result of Salem and Zygmund [33] on 
the behaviour of the maxima of the partial sums of random trigonometric series to prove 
that (|6.1[) implies that f t £ B a. s. and that this condition is best possible. Later on, 
Sledd [35j used also the Salem and Zygmund theorem to show that (|6.ip actually implies 
that / t € BMOA a.s. 

Duren proved in [lOj the following result. 

Theorem A. If < j3 < 1 and Y2n=i l a n| 2 (l°g n )' 3 < °°; then for almost every t € 
[0, 1], the function 

oo 

f t {z) = J2 r n(t)a n z n , zeD, 

n=l 

satisfies 

(6.2) ^(1 -r) ftog-L-V [Afoo(r,/ t ')] 2 dr < oo. 

Using this, Duren gave in [10. a new proof of Sledd's theorem. Next we prove an 
analogue of Duren's theorem for (3 — 3. This will allow us to obtain the analogue of 
Sledd's theorem for BMOA\ og . 

Theorem 11. If Y^n=i \ a n\ 2 0-Ogn) 3 < oo then for almost every t € [0, 1], the function 

oo 

ft(z) = J2 r n(t)anZ n , zeD, 
n=l 
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satisfies 
(6.3) 



Jo 



(1 - r) log 



1 - r 



Another result of [33J implies that the condition Y^nLi l a n| 2 [logn]^ < oo for some 
/3 > 1, implies for almost every t, ft has a continuous extension to the closed unit disc. 
Using this, Proposition[5j and Thcorcm[TT]we obtain the first part of Thcorcm[(51 Part (ii) 
of this theorem can be proved arguing as in section 3. 4 of [2], and we omit the proof. 

The proof of ThcorcmfTTI follows the lines of that of TheoremlAlin [TO] . We shall use the 
result of Salem and Zygmund already mentioned (Lemma 1 of |10j). Hilbert's inequality 
(Lemma 2 of [TO]) and Lemma[2Jwith m = 3 and a = 2. 

Proof of Theorem \lll Set 



Bz 



J> 2 k| 2 , n = l,2,..., 



fc=i 



and ip(r) = (1 — r) Y^=i B n \/\og nr n (0 < r < 1). Just as in p. 84 of [TU], we have 

(6.4) \ft'{z)\ < Cip(r), \z\=r, < r < 1, almost surely. 

Using Lemma[2J the simple fact that =S§ decreases as x increases in [e 2 / 3 ,oo), and 
Hilbert's inequality, we deduce 



1 



1 - r 



(1 - r) lo 



(1 - TV log 



[tp(r)} 2 dr 



1-r 



n=l 

oo oo „i / , \ 2 

V V £„ v^Bi v/log7 / r n +\l - r) 3 log rfr 

n=l, = l V 1 r / 



n=l j 

oo oo 



(*) 



\ - \ - BnVlognBjVlogJ r , ,. l2 
~ 2^2^ /- . [log(n + j)] 



n=l j=l 

oo oo 

^EE 

n=l 3=1 
oo 

<Ei B «i 

71=1 



(n + j)4 

1 B n [\ogn} 3 / 2 Bj[\ogj) 3 / 2 
n + j 

[log? 



,3/2 



;3/2 



Now, 



E^ 



,[logn] 3 



EE fc2 M - 



71=1 fc=l 



E fc2 Ki 2 E 



[log 



^ |a fc | 2 [logfc] 3 < oo. 



k—l n—k k—1 

Then (|6.4[) . (*) and (**) imply that (|6.3p holds for almost every t, finishing the proof. 
□ 
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7. Multipliers on Tf v _ x n BM OA 

In this section we shall prove our results concerning multipliers from T>^_ 1 n BMOA 
to V\_ x n BMOA. Let start with the following result. 

Theorem 12. For any p, q with < p, q < oo we /icwe 

M(^.! n MOi,!"^ n BMOA) c BMOA log n = M(BMOA). 

Proof. The proof uses arguments similar to those in that of Theorem[T](i) and, hence, we 
shall omit some details. 

Using that the family {ip a : a £ D} is bounded in T>^_ 1 n BMOA for all A > 0, we 
deduce that 

Af (!>£_! n BMOA, V\_ x n BMOA) c < p, g < oo. 

Suppose now that 0< p, g < oo and .g e M{V^ 1 n MIOA.D^ n BMOA). Let us 
use the test functions / Q (a £ D) defined by 

/„(«)= log -J^, zeD. 

1 — az 

It is easy to see that the family {/„ : a £ D} is also bounded T>\_ x n BMOA for all 
A > 0. On the other hand, there exists an absolute constant C > such that for any arc 
I c <9B 

i log ^<|/ a (z)|< Clog ^, *e£(J), 

where a = (1 — Jpl)£ with £ the center of I. 
Then we have 

%^J s{I) (l~\z\ 2 )W(z)\ 2 dA(z) <^S s{I) {l~\z\ 2 )\Uz)?W{z)\ 2 dA{z) 

£ $I s(I) (l-\z\ 2 Wa9y(z)\ 2 dA(z) + $f s{I) (l-\z\ 2 M(z)\ 2 \g(z)\ 2 dA(z). 

Since g £ M(D^_ 1 n BMOA,T> q q _ x n BMOA), the family {/ a5 : a G ©} is bounded 
in BMOA and hence sup/ j^- J" S (n(l — l z | 2 )l(/aff)'(2)| 2 dA(«) < oo. Also, using that 
g € and that the family {/„ : a £ D} is bounded in BMOA, we deduce that 
supj jjj L„(l — |z| 2 )|/^(z)| 2 |g(z)| 2 dA(z) < oo. Consequently, we have that 

sup / (1 - \z\ 2 )\g'(z)\ 2 dA(z) < oo, 

i m Js(i) 

that is, g £ BMOA log . □ 

Proof of Theorem^ Suppose that 1 < g < oo and < p < g < oo. In view of Theo- 
rcrn|T21 we only have to prove that M (BMOA) C 1(1)^ n BMOA,V\_ x n BMOA). 

Take 5 € M(BMOA) and / G BMOA n Then, clearly, G BMOA. Using 

Lemma [T] and the closed graph theorem, we obtain 

(7.1) < / \f(z)g(z)\«(l-\z\ 2 y- 1 dA(z)+ I \g'{z)f{z)ni-\z\ 2 Y-HA{z) 

Jo Jo 

<h\\U nBMO A+ I \f(z)g'(z)\^i-\z\ 2 y- 1 dA(z). 
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Now, Proposition^] implies that g £ B\ og . Also, since BMOA C H q , we have that 
/ £ H q . Then we see that the last integral in (|7.1D is finite as in the proof of (|3.3[) . Thus, 
we have proved that g £ M(2^_ 1 n BMOA,V q q _ l n BMOA) finishing the proof. □ 

Proof of Theorem \E Suppose that < q < p < oo, q < 2 and g £ M(U%_ 1 H 
BMOA, V\_ x n BMOA) with # ^ 0. Take a„ = ^ (n = 1, 2, . . . ) with 

-, - < A < - 

2 W ~q 

and set /(z) = J2n=i a nZ 2 " (z £ D). We have that / £ V v v _ x n BMOA \ Then 
we use the Rademacher functions as in the proof of Case 3 of Theorem[T](ii) to get a 
contradiction. Hence, g = 0. □ 

Now we turn to prove Theorem [9] Let us notice that (i) follows from Theorem llll and 
(ii) from Theorem[6](i). To prove (iii) we shall use the following lemma. 

Lemma 4. Suppose that < q < 2 and a > 0. Let f be an analytic function in D of the 
form f(z) = Y,n=o a m n (z £ 3), with £~ =0 |a„| 2 [log< < oo. Iff £ BMOA log n H°° 
then 

f £ M{V V V _ X n BMOA,V q q _ 1 n BMOA), whenever 0<p<q and > 1. 

A — q 

For < q < 1, (iii) of Theorem [S] follows using (ii) and the lemma with a — 3, while, 
for 1 < q < oo, it follows from Theorem [JJ 

Proof of Lemmd^ Suppose that / is in the conditions of the lemma and that < p < q 
and ^ > 1. 

Take h £ TP_ X n BMOA. Since BMOA log n H°° = M(BMOA), it follows that 
fh £ BMOA. 
We have also 

f Jt (l-\z\y- 1 \(fh)'(z)\*dA(z) 

< / D (i - MrVMI'WWI 9 ^) + / D (i- MrVMNM^I 9 ^) 

= /i + / 2 . 

The first summand J : is finite because / £ H°° and h e TP_ x C\BMOA C V^nBMOA. 
Let us estimate the second one J2. Using Holder's inequality with the exponents | and 
— , we obtain 

h=Ul-\z\) q - 1 \f(z)\ q \h(z)\ q dA(z) 
= J B \f'(z)\ q (l ~ \z\)i/i (log j^) ¥ (log ^) ^ - Izl)^ 1 dA(z) 



< 



9/2 

( 1o st^) 2 - 9 (i-ND 

Using Lcmma[3J it follows that the first integral in the last product is finite. Now, notice 
that / £ H x for all A < oo to deduce 



/ 



dA(z)<\\f\\ 2 -l^ _ dr 



(log^-fl-W) H2 - qJ ° (log ^) 2 - q (1-r) 
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and this integral is finite because > 1. Thus I2 < 00. Then we have that fh € 'D q _ x 
and, hence, fh £ T^\-\ H BMOA. Consequently, we have proved that / £ M(T> P > _ 1 n 
BMOA,V q q _ 1 n BMOA). □ 

To finish the proof of Theorem |2] take g G (0, 1/2) and let {a n } be defined as follows: 

a 2k = {k + l)- 1/q , fc = 0,l,... 

and a„ = 0, if n is not a power of 2. Set 

00 00 
f(z) = a n z n = + 1) _1/ '* 2 * . * e D. 

n=0 fc=0 

It is clear that {a n } satisfies Furthermore, for almost every t, ft is given by a 

lacunary power series, ft(z) = X^fco r 2 fc (t)a 2 kz 2 , which does not belong to T) q q _ x because 

Efclo l a 2"| 9 = °°. 

Now turn to consider multipliers in M (^_ifl BMOA, T> q q _ x C\BMO A) given by power 
series with Hadamard gaps. First we show that whenever < p < q < 1 the power 
series with Hadamard gaps in M(V^_ X n BMOA,V q _ x n BMOA) coincide with those 
in 2?»_i n BMO Ai og . 

Theorem 13. Suppose that < p < q < 1 and Zei g be an analytic function in D given 
by a power series with Hadamard gaps. Then the following conditions are equivalent: 

(a) g £ M{V p p _ x n BMOA, V\_ x n BMOA). 

(b) ge^nBMOikg. 

Proof. Since fl BMOA contains the constants functions, it is clear that M(T> P _ X n 
BMOA, V\_ x n BMOA) C X>*_ x and the inclusion 

M{V p p _ x n BMOA,V\_ x n BMOA) c BM<X4 log follows from TheoremQJ Hence, the 
implication (a) => (b) holds. 

Let us prove next the other implication. So take g € n SA/OAi og n £, 

= Sfc°=o a k zUk ( z € D) with rifc+i > An^ for all fc, for a certain A > 1. 

We have YlkLo \ a k\ q < 00 which, since q < 1, implies that l a *-'l < 00 ■ Thus g £ 

Then .0 e BMOAi og C\H°° = M(BMOA). 

Take / € 2^_ x n BMOA. Since g € M(BMOA), we have that .9/ e BMOA. Now, 

^(g/y^ini-M 2 ) 9 - 1 ^) 

< /„ - Nl 2 )'- 1 + / D V(*)l'(l ~ I*! 2 )'" 1 <iA(z) 

= Ii+/ 2 . 

The first summand Jj is finite because g £ H°° and / £ 

Let us estimate the second one. Using Theorem 3. 2 of [20] we see that the measure 
H g ,q in ID defined by d^ g<q {z) = (1— | | 2 ) <? 1 1 e?' (^) 1 9 dA(z) is a Carleson measure and (see, 
e.g., [37J Theorem 1] or [3S1 Theorem 2. 1]) this implies that /j, g> g is a Carleson measure 
for 2?g_ 1; that is, V q _ x C L q (d(i g , q ). Hence / £ L q (dfJ, g! q) which is equivalent to saying 
that I 2 < 00. Hence, gf £ T> q _ x . 

So, we have proved that gf £ V\_ x n BMOA for any / £ V p p _ x n BMOA, that is, 
.g e M(^_! n BMOA, V\_ x n BMOA). □ 

Finally, we obtain also the analogue of TheoremjS] for lacunary power series. 
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Theorem 14. Let f G WoNjS)) be given by a lacunary power series, of the form 

f( z ) = Sfe°=o a kZ nk (z G DJ with rik+i > An/j /or aZZ fc, /or a certain A > 1, 
and suppose that the sequence of coefficients {ofe}^ satisfies 

oo 

(7.2) ^|a fc | 2 (logn fe ) 3 <oo. 

fc=i 

Then the junction f satisfies the following conditions: 

(i) / G M(BMOA) 

(ii) / G M(^_! n BMOA,Vl_ t n BMOA) whenever <p<q andq> ±. 

Furthermore, if < q < | i/ien i/iere exists a sequence {a&} which satisfies J7.£| ) and 
sitc/i i/iai / ^ "Dq—i- Thus for this sequence {a k } i/ie function f satisfies: 

(a) / G M(BMOA). 

(b) If 0<p<\ and\> 1/2 tfien / G M(I^_ 1 n BMOA^V^) whenever < p < 
A. 

(c) / </ M{V v p _ x n BMOA, V\_ x n BMOA) whenever 0<p<q. 

Proof. Part (i) follows from Proposition!]] Part (ii) follows from Theorem [7] for g > 1 
and from Lemma[4] (with a = 3) whenever < q < 1. 

Now, if < g < i take 

a^fc- 1 /", k = l,2,... 

and 

oo 

/(z) = ^a fc ^ fc , zeD. 
fe=i 

Clearly, 

oo oo 

\a k \ 2 k 3 < oo, and \a k \ q = oo. 

fe=l fe=l 
Then / satisfies conditions (a), (b) and (c) of TheoremH4l □ 

As we mentioned in Section [TJ TheoremlMl also shows that Theorem[7]does not remain 
true for q < 1/2. 
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